Quantum and classical separability of spin-orbit laser modes by Pereira, L. J. et al.
ar
X
iv
:1
40
9.
08
89
v1
  [
qu
an
t-p
h]
  2
 Se
p 2
01
4
Quantum and classical separability of spin-orbit laser modes
L. J. Pereira, A. Z. Khoury and K. Dechoum
Instituto de F´ısica, Universidade Federal Fluminense, 24210-346 Nitero´i - RJ, Brasil.
In this work we investigate the quantum noise properties of polarization vortices in connection
with an intensity based Clauser-Horne-Shimony-Holt inequality for their spin-orbit separability. We
evaluate the inequality for different input quantum states and the corresponding intensity fluctua-
tions. The roles played by coherence and photon number squeezing provide a suitable framework for
characterizing pure state spin-orbit entanglement. Structural inseparability of the spin-orbit mode
requires coherence, an issue concerning either classical or quantum descriptions. In both cases, it
can be witnessed by violation of this intensity based CHSH inequality. However, in the quantum
domain, entanglement requires both coherence and reduced photon number fluctuations.
PACS numbers: 03.65.Ud, 03.67.Mn, 42.50.Dv
I. INTRODUCTION
As a major resource for quantum information process-
ing, entangled states have been intensively studied in a
wide variety of quantum systems. From the mathemati-
cal point of view, when pure states are considered, they
correspond to state vectors of a combined system that
cannot be factorized as a tensor product of vectors be-
longing to the Hilbert spaces of the individual subsys-
tems. In the general case, mixed entangled states cannot
be written as a convex combination of projectors on fac-
torized vectors. From the physical point of view, these
states exhibit strong correlations when the individual sys-
tems are locally measured in different (non orthogonal)
bases, as in the well known setting for the Clauser-Horn-
Shimony-Holt (CHSH) inequality [1]. For example, in
photonic systems it has been tested with polarization en-
tangled photon pairs [2]. One can also encode a pair of
qubits on the spin and orbital angular momentum of a
single photon [3]. Combination of the two degrees of free-
dom leads to interesting applications on quantum infor-
mation protocols including polarization controlled quan-
tum imaging [4, 5], algorithms [6], gates [7–11], cryp-
tography [12–14], teleportation [15–18], and topological
phases [19, 20]. Of course, the CHSH inequality can be
naturally applied to the spin-orbit degrees of freedom as
well [21–23].
Despite being frequently addressed in the quantum do-
main, tensor product structures are also present in the
classical description of the electromagnetic field. We may
quote the aforementioned example of the spin and orbital
angular momentum carried by the optical field. While
spin is related to the polarization, orbital angular mo-
mentum (OAM) has its origin in the wavefront structure
[24]. In a paraxial beam, these two degrees of freedom
can be addressed independently and a combined mode
basis can be built from a tensor product. Of course,
one can also conceive non-separable spin-orbit modes and
build a bridge for an interesting analogy with entangled
states in quantum mechanics. Many concepts can be
borrowed from quantum information theory, with a spe-
cial role for the CHSH inequality as a non separability
witness. This classical analogy of the CHSH inequality
for optical degrees of freedom was suggested in Ref.[25].
The spin-orbit version of the experiment was published
in Ref.[22] together with a theoretical description, in-
cluding a brief quantum optical approach. Since then,
other experimental [26, 27] and theoretical [28–31] works
have addressed this issue. Spin-orbit entanglement has
also been discussed in the quantum optical domain. The
connection between classical inseparability and quantum
entanglement was addressed in Ref.[32], where the funda-
mental properties of cylindrically polarized modes were
thoroughly investigated. Experimental tools for squeez-
ing and entangling spin and orbital degrees of freedom
were developed in Refs. [33, 34].
In this work, we discuss quantum optical aspects of
the spin-orbit separability, with a special attention to
the roles played by coherence and sub Poissonian pho-
ton number distribution [35–37] in connection with the
spin-orbit Bell measurements performed in Ref.[22]. We
will consider different input states, covering the main at-
tributes directly related to the spin-orbit separability,
especially coherence and quantum entanglement. The
manuscript is organized as follows: in section II we re-
view the basic description of polarization vortices as non-
separable spin-orbit modes. These modes are then quan-
tized in section III where different mode partitions are
envisaged. The measurement scheme on which we base
our theory is described in section IV and the correspond-
ing average intensities and quantum noise are derived in
section V for different input states. Finally, we summa-
rize our conclusions in section VI.
II. POLARIZATION VORTICES AS
NON-SEPARABLE SPIN-ORBIT MODES
In this section we discuss the notion of mode entangle-
ment and its subtle distinction from quantum state en-
tanglement. Both rely on the concept of non separability
in a tensor product vector space. However, the vector
structure of electromagnetic modes is not exclusive to
quantum theory, it already occurs in classical electrody-
namics. The polarization of a light beam is directly re-
2lated to the vector nature of the electromagnetic field. At
the same time, a vector space structure can be assigned
to the spatial functions used to describe a paraxial beam.
Therefore, the complete mode structure requires a com-
bination of these two degrees of freedom in the form of
a tensor product between the two vector spaces. For ex-
ample, we can combine linear polarization vectors with
Hermite-Gaussian spatial functions, which are discrete
solutions of the paraxial wave equation in rectangular
coordinates.
We shall label the linear polarization directions with
capital letters H and V , associated with the unit vectors
eˆH ≡ xˆ and eˆV ≡ yˆ . The first-order Hermite-Gaussian
modes oriented along the horizontal and vertical direc-
tions will be labeled with small case letters h and v, re-
spectively, associated with the spatial functions
ψh(x, y, z) = N x exp
[
− (x
2 + y2)
2w2(z)
+ iφ(x, y, z)
]
,
ψv(x, y, z) = N y exp
[
− (x
2 + y2)
2w2(z)
+ iφ(x, y, z)
]
,(1)
where N is a normalization constant and φ(x, y, z) is the
phase distribution. The most general first-order vector
mode can be written as
Ψ(r) = AHh ψh eˆH +AHv ψv eˆH +AV h ψh eˆV
+ AV v ψv eˆV , (2)
where
∑
µν |Aµν |2 = 1 . We can borrow the definition of
concurrence from quantum information theory to char-
acterize the spin-orbit separability
C = 2 ‖AHh AV v −AHv AV h‖ , (3)
so that C = 0 for product modes and 0 < C ≤ 1 for non
factorisable ones.
A first-order spin-orbit mode basis can also be built
with maximally non-separable modes analogous to Bell
states in quantum mechanics
Ψ±(r) =
ψh eˆH ± ψv eˆV√
2
,
Φ±(r) =
ψh eˆV ± ψv eˆH√
2
. (4)
They correspond to non uniform polarizations on the
wavefront. Two simple examples of maximally non sep-
arable modes are the well known radially (Ψ+) and az-
imuthally (Φ−) polarized modes, characterized by the
polarization patterns shown in Fig.(1). Numerous meth-
ods for their production are available in the literature.
They have attracted a considerable attention for their
special focusing properties. It is easy to check from
Eq.(3) that C = 1 for all elements of the basis given
by Eq.(4).
FIG. 1: First order polarization vortices analogous to the four
Bell states.
III. THE QUANTIZED SPIN-ORBIT MODES
Let us consider the Heisenberg operator describing the
positive frequency component of the electric field as-
sociated with a first-order paraxial beam propagating
along z . In the separable mode basis {ψν(r) eˆµ} , with
µ = H,V and ν = h, v , it reads
A(+)(r, t) = ei(kz−ωt)
∑
µ,ν
aµν ψν(r) eˆµ , (5)
where aµν is the operator that annihilates a photon on
mode ψν(r) eˆµ . As usual, we can also define new an-
nihilation operators when a different mode basis is used
to decompose the field operator. For the Bell modes de-
fined in section II, we obtain the following transformation
equations for annihilation operators
aΨ± =
aHh ± aV v√
2
,
aΦ± =
aHv ± aV h√
2
, (6)
and the corresponding conjugate transformations for the
creation operators. The electric field operator can then
be written as
A(+)(r, t) = ei(kz−ωt)
∑
±
aΨ± Ψ± + aΦ± Φ± . (7)
Now it is interesting to investigate the transformations
for different kinds of states. A Fock basis of the Hilbert
space can be built for either mode decompositions by act-
ing on the vacuum state with the corresponding creation
operators. Let us consider, for example, an N−photon
Fock state on modeΨ+ , with all other modes empty. For
simplicity, we shall omit the empty modes in the state
vector, unless they are directly involved in the transfor-
mations that we are interested, however we must keep in
mind that we will be always dealing with a multimode
Hilbert space. Thus, for the mode in question we have
|N〉Ψ+ |0〉Ψ− =
(
a†Ψ+
)N
√
N !
|vac〉 . (8)
If we use the conjugate transformations (6) and write the
creation operator for Ψ+ in terms of those for Hh and
3V v, we obtain
|N〉Ψ+ |0〉Ψ− =
N∑
n=0
√
N !
(
a†Hh
)n (
a†V v
)N−n
2N/2 n! (N − n)! |vac〉 .
(9)
From the analogous definitions of the Fock states on
modes Hh and V v , we readily identify them in the right
hand side of Eq.(9), so that
|N〉Ψ+ |0〉Ψ− =
N∑
n=0
√
N ! /2N
n! (N − n)! |n〉Hh |N − n〉V v .
(10)
For example, a single photon Fock state on mode Ψ+
can be written
|1〉Ψ+ |0〉Ψ− =
|1〉Hh |0〉V v + |0〉Hh |1〉V v√
2
. (11)
Note that the left hand side of Eqs. (10) and (11) has a
product state while the right hand side has an entangled
one. Of course, entanglement is independent of the basis
chosen for the Hilbert space, however these equations
are not a change of basis, they correspond to different
mode partitions of the electromagnetic field. Therefore,
the mode basis must not be confused with the quantum
state basis. In this sense, we prefer to employ the term
mode partition in order to avoid this kind of confusion.
Entanglement does depend on the way the subsystems
are defined and, although this partition is usually evident
for material systems, it is not so clear for the electromag-
netic field since one often has more than one mode de-
composition adapted to the same boundary conditions.
Therefore, we must be careful when comparing entan-
glement in the two cases. In this respect, pure coherent
states play a very special role because they are always a
product state in whatever mode decomposition. Indeed,
let
DΨ+(u) = exp
(
u a†Ψ+ − u∗ aΨ+
)
(12)
be the displacement operator that produces the coherent
state |u〉Ψ+ |0〉Ψ− when acting on the vacuum state. Since
aHh and aV v commute, it can be factorized as a prod-
uct between the corresponding displacement operators of
modes Hh and V v . From Eqs.(6) one easily obtains
DΨ+(u) = DHh(u/
√
2)DV v(u/
√
2) , (13)
so that the coherent states in the two mode decomposi-
tions are related by
|u〉Ψ+ |0〉Ψ− = |u/
√
2〉Hh |u/
√
2〉V v , (14)
which is a product state in any case. From this discus-
sion we develop some intuition about the role played by
photon number noise in the interplay between mode sep-
arability and quantum entanglement. We next discuss
this relationship more closely in the context of the ex-
periment done in Ref.[22].
IV. SPIN-ORBIT BELL MEASUREMENTS
Let us consider the sketch shown in Fig.(2) for a spin-
orbit Bell measurement as the one done in [22]. An input
mode initially prepared in some quantum state |ϕ0〉 en-
ters a Mach-Zehnder interferometer with an extra mirror
in one arm. This type of interferometer will be designated
by the acronymMZIM [38]. When the two arms are equi-
librated, the interferometer sorts even and odd modes at
different output ports, the components Hh and V v exit
from the even port while Hv and V h exit from the odd
port. The input beams are described by the electric field
operators
A
(+)
j (r, t) = e
i(kj ·r−ωt)
∑
µ,ν
ajµν ψν(r) eˆµ , (15)
where µ = H,V and ν = h, v refer to polarization and
transverse mode orientation respectively, j = 1, 2 refers
to the input port, and ajµν is the corresponding annihila-
tion operator. The input field coming through port 1 will
be transmitted through unitary transformation elements
acting on the transverse mode and polarization degrees
of freedom. These elements are used to set the bases of
the Bell measurement. They can be a Dove prism (DP)
for transverse mode and a half wave plate (HWP) for
polarization transformation. When the HWP is oriented
at an angle α/2 and the DP at β/2 , the annihilation
operators are transformed according to
a′ 1µν(α, β) =
∑
ǫδ
U ǫδµν a
1
ǫδ , (16)
where U is the unitary transformation describing the
combined action of the two elements. The HWP and
the DP both act in a similar manner, they produce a
reflection operation along their orientation axis. There-
fore, their combined action can be written as the tensor
product U = T (α)⊗ T (β) , where
T (θ) =
(
cos θ sin θ
sin θ − cos θ
)
. (17)
In matrix notation we have

a′ 1Hh
a′ 1Hv
a′ 1V h
a′ 1V v

 =
(
cosα sinα
sinα − cosα
)
⊗
(
cosβ sinβ
sinβ − cosβ
) 
a1Hh
a1Hv
a1V h
a1V v

 .
(18)
The same decomposition also applies to the output
field operators
B
(+)
j (r, t) = e
i(kj ·r−ωt)
∑
µ,ν
bjµν ψν(r) eˆµ , (19)
where bjµν is the annihilation operator corresponding to
mode µν at output j .
One of the output ports of the interferometer will com-
bine the odd modes from the vacuum input with the even
4(β/2)DP
HWP (α/2)
b 2µν
a 1µν
b1µν
a’   1µν
a 2µν
vac
ϕ0
MZIM
BS
BS
FIG. 2: Scheme for the spin-orbit Bell measurement.
modes from the excited input and the opposite combina-
tion is performed in the other output port. The quan-
tized mode amplitudes bµν are then determined by the
input-output relations for the interferometer
b1Hh = a
′ 1
Hh , b
2
Hh = a
2
Hh ,
b1Hv = a
2
Hv , b
2
Hv = a
′ 1
Hv ,
b1V h = a
2
V h , b
2
V h = a
′ 1
V h ,
b1V v = a
′ 1
V v , b
2
V v = a
2
V v . (20)
We now define the intensity operators integrated over
the detectors area
Iˆj =
∫
Dj
B
(−)
j ·B(+)j d2r . (21)
From the input-output relations of the measurement ap-
paratus (transformation elements plus interferometer)
one finds
Iˆ1 = Iˆ
1
Hh + Iˆ
1
V v + Iˆ
1
Hv + Iˆ
1
V h ,
Iˆ2 = Iˆ
2
Hv + Iˆ
2
V h + Iˆ
2
Hh + Iˆ
2
V v , (22)
where Iˆjµν = b
j †
µν b
j
µν . Note that modes Hv and V h on
output port 1 are not excited, as well as modes Hh and
V v on output port 2. Therefore, they do not contribute
to intensity measurements and the relevant operators at
the output of the interferometer are
Itot = Iˆ1 + Iˆ2 ,
M(α, β) = Iˆ1 − Iˆ2 . (23)
The total input-output intensity does not depend on the
measurement settings (α, β) .
In analogy with the parameter used in the Clauser-
Horn-Shimony-Holt (CHSH) inequality, we define
S =
〈M(α, β) +M(α, β′)−M(α′, β) +M(α′, β′) 〉
〈Itot〉 ,
(24)
where the averages are calculated with the initial quan-
tum state |ϕ0〉 . For single photon states, the normal-
ized detected intensities correspond to detection proba-
bilities and one finds the usual scenario for Bell measure-
ment where 2 < S < 2
√
2 for single photon spin-orbit
entangled states. As discussed in Ref.[22], this viola-
tion can be achieved with a polarization vortice coher-
ent state, which is a product state in the Hh and V v
decomposition, as shown in Eq.(14). Therefore, in or-
der to evidence quantum behavior, it will be necessary
to monitor the intensity difference noise ∆M2(α, β) =
〈M2(α, β)〉 − 〈M(α, β)〉2 and compare it with the cor-
responding shot noise limit. This figure of merit will be
used in the next section to set up the comparison between
different input states.
V. INTENSITY AVERAGES AND QUANTUM
NOISE
Let us assume that only modes a1Hh and a
1
V v are ini-
tially occupied with some quantum state |ϕ0〉 , while all
other modes are empty. We will proceed as follows, first
all output intensity operators are calculated in terms of
the input modes (before HWP and DP) using the input-
output relations outlined above. Then the mean values
giving the average intensity and the corresponding quan-
tum fluctuation are calculated with the specified initial
state. We will discuss different input states, their simi-
larities and differences.
A. Entangled Fock states
Let us first consider the single photon entangled state
given by Eq.(11). In this case, we have
〈M(α, β)〉
〈Itot〉 = cos [2(β − α)] , (25)
where 〈Itot〉 = 1 . For the measurement settings α =
pi/8 , α′ = 3pi/8 , β = 0 , β′ = pi/4 , we obtain the limit-
ing value S = 2
√
2 expected for a maximally spin-orbit
entangled state. We also evaluate the corresponding in-
tensity difference fluctuations for any setting (α, β)
∆M2(α, β)
〈Itot〉 = sin
2 [2(β − α)] . (26)
These results can be easily generalized for the arbi-
trary N−photon entangled state |N〉Ψ+ |0〉Ψ− given by
Eq.(10) for which 〈Itot〉 = N . For the Bell measure-
ment settings we obtain 50% intensity squeezing. When
β − α = mpi/2 (m ∈ Z) , all photons exit through the
same output port and the intensity difference is perfectly
squeezed.
Note that inter-mode coherence is a key ingredient for
violation of the CHSH inequality, since the summations
on the right hand side of Eqs. (10) and (11) involve a
5coherent superposition with well defined relative phases.
When those are randomized, one gets statistical mixtures
of Fock states which no longer violate the inequality, as
we will see next.
B. Mixed Fock states
It will be interesting to evaluate the spin-orbit CHSH
inequality for a mixed Fock state exhibiting strong pho-
ton number correlations but no entanglement. This state
can be represented by the density matrix
ρN =
N∑
n=0
N ! /2N
n! (N − n)! |n〉〈n|Hh ⊗ |N − n〉 〈N − n|V v ,
(27)
with a well defined total photon number N , randomly
distributed between modes Hh and V v . For this state
we obtain
〈M(α, β)〉
〈Itot〉 = cos 2α cos 2β ,
(28)
what results in S =
√
2 for the measurement settings.
The intensity difference noise is
∆M2(α, β)
〈Itot〉 = sin
2 2α+ sin2 2β
+
( 〈Itot〉 − 3
2
)
sin2 2α sin2 2β , (29)
which can exhibit perfect squeezing for specific settings
(α, β), but in general scales with the photon number. For
example, if we set α = β = pi/4 , expression (29) gives
(N + 1)/2 while (26) predicts perfect squeezing.
C. Photon number Werner states
In order to capture the role played by entanglement
in the quantum noise properties of Fock states, let us
consider a partially entangled state of the kind
ρN (p) = p |N〉〈N |Ψ+ ⊗ |0〉〈0|Ψ− + (1− p) ρN , (30)
where ρN is given by Eq.(27). It is analogous to the
Werner states frequently used in quantum information
science to discuss correlations present in partially entan-
gled states [39]. The average intensity difference for set-
ting (α, β) is
〈M(α, β)〉
〈Itot〉 = p cos [2(β − α)] + (1− p) cos 2α cos 2β ,
(31)
which gives S = (1 + p)
√
2 , corresponding to a violation
threshold at p =
√
2− 1 .
The intensity noise can be readily calculated as a com-
bination of the results given by Eqs.(26) and (29). In
fact, one can easily verify the relation
〈∆M2〉W = p 〈∆M2〉pure + (1− p) 〈∆M2〉mix
+ p (1− p) [ 〈M〉pure − 〈M〉mix] 2 , (32)
where 〈∆M2〉pure is given by Eq.(26), which scales as
〈Itot〉 while 〈∆M2〉mix is given by Eq.(29), which scales
as 〈Itot〉2 . Note that both 〈M〉pure and 〈M〉mix are
proportional to 〈Itot〉 , so that 〈∆M2〉W /〈Itot〉 scales as
〈Itot〉 .
D. Pure coherent state
For a two-mode coherent state |u〉Ψ+ |0〉Ψ− given by
Eq.(14) we obtain
〈M(α, β)〉
〈Itot〉 = cos [2(β − α)] , (33)
with 〈Itot〉 = |u|2 , giving the same limiting value S =
2
√
2 as for the entangled Fock state, however, the input
state is now factorized. In order to distinguish the two
cases, we calculate the intensity difference noise to find
∆M2(α, β)
〈Itot〉 = 1 , (34)
so that shot noise is expected for any (α, β) settings,
which is radically distinguished from the corresponding
result for entangled Fock states.
E. Mixed coherent state
We now investigate the role played by coherence in
the violation of the spin-orbit CHSH inequality. Sup-
pose a laser beam is initially prepared in a coherent state
|u〉Hh |0〉V v . This beam is then split in two equal parts,
one of them is transformed to mode V v and sent to a
beam splitter where it gets contaminated with an inde-
pendent laser also prepared in V v . Finally, the mixed
V v mode is recombined with Hh on a polarizing beam
splitter (PBS) as sketched in Fig.(3). Since the two lasers
have random relative phase, the quantum state describ-
ing the final beam can be written as the following statis-
tical mixture
ρ0 = |u〉〈u|Hh ⊗
∫
dθ
2pi
|u′(θ)〉〈u′(θ)|V v , (35)
where u′(θ) = u (r+ t eiθ) , with r and t being the reflec-
tion and transmission coefficients of the contaminating
coupler. Let r =
√
Reiφ , where R is the intensity reflec-
tivity and φ is the phase acquired on reflection, then we
obtain
〈M(α, β)〉
〈Itot〉 = cos 2α cos 2β +
√
R cosφ sin 2α sin 2β ,
(36)
6where 〈Itot〉 = 2 |u|2 , giving S = (1 +
√
R cosφ)
√
2 for
the Bell measurement settings. A violation threshold is
predicted at
√
R cosφ =
√
2 − 1 . For R = 1 and φ = 0
one recovers the coherent state result given by Eq.(33).
Ψ+
Hh
Hh
Vv
Vv
Hh
Vv PBS
BS (50/50)
DP
HWP
M
LASER 1
BS (r,t)
LASER 2
FIG. 3: Proposed scheme to produce an adjustable mixed
coherent state.
For a completely incoherent superposition (R = 0) we
obtain
〈M(α, β)〉
〈Itot〉 = cos 2α cos 2β , (37)
giving S =
√
2 for the Bell measurement settings. This
result suggests that coherence is an essential ingredient
for violation of the inequality for the intensity average.
Meanwhile, the intensity noise for a setting (α, β) is
∆M2(α, β)
〈Itot〉 = 1 +
〈Itot〉
2
sin2 2α sin2 2β , (38)
which scales as 〈Itot〉 and is above shot noise for most
settings.
F. Two-mode squeezed vacuum
It is also interesting to inspect the results obtained
for the two-mode squeezed vacuum state, which presents
quadrature entanglement. It can be constructed from the
action of the two-mode squeezing operator on the vacuum
state as given by
|ϕsq〉 = exp
(
ζ∗ aHh aV v − ζ a†Hh a†V v
2
)
|vac〉 , (39)
where ζ is the squeezing parameter and the total intensity
is 〈Itot〉 = 2 sinh2( |ζ| / 2) . In this case we find
〈M(α, β)〉
〈Itot〉 = cos 2α cos 2β , (40)
giving S =
√
2 for the measurement settings, the same
result as for the mixed coherent state. For the intensity
noise we get
∆M2(α, β)
〈Itot〉 = 1 + (〈Itot〉+ 1)
(
1 + cos 4α cos 4β
2
)
,
(41)
which also scales as 〈Itot〉 for most settings. Therefore,
despite its quadrature entanglement, the quantum prop-
erties of squeezed vacuum do not show up in this kind of
spin-orbit Bell measurement.
VI. CONCLUSION
In summary, we have discussed spin-orbit Bell mea-
surements in paraxial polarization vortices from a quan-
tum optical perspective. The vortices are treated as non-
separable modes and their quantum descriptions in differ-
ent mode decompositions are compared. The mode sep-
arability is evaluated with an inequality for the average
intensities analogous to the CHSH inequality. It is vio-
lated for a single-photon spin-orbit entangled state, as ex-
pected, but also by a factorized coherent state. These two
limiting cases were experimentally investigated in Refs.
[21–23]. Therefore, a natural question arises about the
interplay between entanglement and coherence in the vi-
olation. In this article we compared different input states
in order to develop some intuition.
Our results indicate that the roles played by coherence
and photon number fluctuations can be summarized by
the following examples:
• Without coherence we expect no violation of the
intensity based CHSH inequality, as illustrated by
the examples with mixed coherent or Fock states
(sections VB and VE).
• With coherence and Poissonian distribution for the
total photon number, we expect violation but no
entanglement, as illustrated by the example with
product coherent states (section VD). We remark
that pure coherent states are factorized in any
mode decomposition but exhibit maximal violation.
• With coherence and reduced (below shot-noise)
photon number fluctuations, we expect violation
and entanglement, as illustrated by the entangled
Fock states (section VA).
It is important to stress that in all cases the relevant
coherence being considered is the one characterized by
inter-mode relative phase, not the absolute one. We
also present examples that interpolate between pure and
mixed states. Finally, section VF illustrates that quadra-
ture entanglement does not imply in violation of the in-
tensity based CHSH inequality.
Experimentally, structural inseparability and entan-
glement can be simultaneously certified by measuring
7intensity averages and the corresponding fluctuations.
Violation of the CHSH inequality with the averages
certify structural inseparability while intensity differ-
ence squeezing evidences entanglement. Coherent states
should exhibit shot noise level for any measurement
settings while photon number squeezed states should
present 50% squeezing for the settings used in the in-
equality. These results can be experimentally tested
with polarization vortices produced on intensity squeezed
sources like optical parametric oscillators [40, 41] or
pump-noise-supressed diode lasers [42].
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